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The study of isoperimetric problems in Carnot-Carathéodory spaces has been an active field over the past few decades. Pansu \[[@CR1]\] first proved an isoperimetric inequality of the type $\documentclass[12pt]{minimal}
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                \begin{document}$n\geq2$\end{document}$ and Pansu's conjecture can be naturally extended to any dimension. Until today Pansu's conjecture has not completely been solved. It has been only supported by many partial results, where further hypotheses involving regularity or symmetry of the admissible sets are assumed; see \[[@CR3]--[@CR8]\]. For Carnot groups, one can only get an isoperimetric inequality \[[@CR9]\] though we know the fact that isoperimetric sets exist \[[@CR10]\].

Monti and Morbidelli \[[@CR11]\] completely solved the isoperimetric problem in the Grushin plane $\documentclass[12pt]{minimal}
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On the other hand, manifolds with density, a new category in geometry, have been widely studied. They arise naturally in geometry as quotients of Riemannian manifolds, in physics as spaces with different media, in probability as the famous Gauss space and in a number of other places as well (see \[[@CR13], [@CR14]\]). Morgan and Pratelli \[[@CR15]\] studied the isoperimetric problems in Euclidean spaces $\documentclass[12pt]{minimal}
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Very recently, Franceschi *et al.* \[[@CR26]\] obtained quantitative isoperimetric inequalities for the bubble set $\documentclass[12pt]{minimal}
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Motivated by the nice work mentioned above, in this paper we consider the quantitative isoperimetric inequalities for the set $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------

*Let* *F* *be any measurable set in the Grushin space* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega_{h}$\end{document}$ *denotes the Euclidean volume of the unit ball*.
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Preliminaries {#Sec2}
=============
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Remark 2.1 {#FPar2}
----------
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To prove Theorem [1.1](#FPar1){ref-type="sec"}, we need the following lemma.

Lemma 2.1 {#FPar3}
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                \begin{document} $$\begin{aligned} V_{\phi}\bigl(E_{\alpha}^{\delta}\setminus F\bigr)&= \int_{E_{\alpha}^{\delta}\setminus F} \vert x \vert ^{p} \,dx\,dy \\ &\geq \int_{E_{\alpha}^{\delta}\setminus F}\frac{\operatorname{div}_{\alpha ,\phi} X}{h+p} \vert x \vert ^{p} \,dx\,dy \\ &=\frac{1}{h+p} \biggl\{ \int_{\partial F\cap E_{\alpha}^{\delta}}\langle X,v_{F}\rangle \,d\mu_{F,\phi}- \int_{\partial E_{\alpha}^{\delta}\cap F}\langle X,v_{E_{\alpha}^{\delta}}\rangle \,d\mu_{{E_{\alpha}^{\delta}},\phi} \biggr\} . \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} V_{\phi}(E_{\alpha}\setminus F)&= \int_{E_{\alpha}\setminus F} \vert x \vert ^{p} \,dx\,dy \\ &\geq \int_{E_{\alpha}\setminus F}\frac{\operatorname{div}_{\alpha,\phi} X}{h+p} \vert x \vert ^{p} \,dx\,dy \\ &=\frac{1}{h+p} \biggl\{ \int_{\partial F\cap E_{\alpha}}\langle X,v_{F}\rangle \,d\mu_{F,\phi}- \int_{\partial E_{\alpha}\setminus F}\langle X,v_{E_{\alpha}}\rangle \,d\mu_{E_{\alpha},\phi} \biggr\} \\ &\geq \frac{1}{h+p} \biggl\{ \int_{\partial E_{\alpha}\setminus F}\,d\mu_{E_{\alpha},\phi}- \int_{\partial F\cap E_{\alpha}}\,d\mu_{F,\phi} \biggr\} \\ &=\frac{1}{h+p} \bigl\{ P_{\alpha,\phi}(E_{\alpha};C_{\varepsilon}\setminus F)-P_{\alpha,\phi}(F;E_{\alpha}) \bigr\} . \end{aligned}$$ \end{document}$$
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So from ([32](#Equ32){ref-type=""}) and ([33](#Equ33){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ P_{\alpha,\phi}(F)-P_{\alpha,\phi}(E_{\alpha})\geq (h+p) \int_{ \{ \vert x \vert < 1-\varepsilon \}} \int_{0}^{m(x)} \biggl(1-\frac {1}{h_{x}(y)} \biggr) \vert x \vert ^{p}\,dy\,dx. $$\end{document}$$
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